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. polynomial-time algorithm for solving the set covering problem on a

otally-balanced matrix

y

ntoon Kolen

\BSTRACT

A (0,1)-matrix is totally-balanced if it does not contain a square
submatrix of size at least three which has no identical columns, and its
‘ow and column sums equal to two. Let A be an nxm totally-balanced matri:
le give an 0((min{m,n})2max{m,n}) algorithm to solve the set covering p:
lefined on A; a tree location problem serves as an example of such a set
:overing problem. We also give an algorithm which recognizes an nxm tota

salanced matrix (m<n) in O(nmz) time.

KEY WORDS & PHRASES: Set covering problem, balanced matrices, location
theory







. INTRODUCTION

A (0,1)-matrix is balanced if it does not contain an odd square sub-
1atrix of size at least three with all row and column sums equal to two.
jalanced matrices have been studied extensively by BERGE [1] and FULKERSON
it al. [3]. We consider a more restrictive class of matrices called totally-
yalanced (LOVASZ [71). A (0,1)-matrix is totally-balanced if it does not
:ontain a square submatrix of size at least three which has no identical
:olumns, and its row and column sums equal to two.

Let A = (aij) be an nxm totally-balanced matrix and let cj(j=1,2,...,m)

e nonnegative integers. The set covering problem is given by

m
P) min ) c.x.
j=p 373
m
s.t jZ] iij 21, i=1,2, ..., n,

'he dual problem is given by

n
D) max iz Y

'or an arbitrary (0,1)-matrix A the optimum value of (D) is less than or
:qual to the optimum value of (P). It is well known (FULKERSON et al. [3])
‘hat in case of balanced matrices problems (P) and (D) when solved as linear
yrogramming problems give integral solutions. Due to the result of KHACHIAN
5] we know that both problems can be solved in polynomial time. For the
:ase that A is totally-balanced we give an O((min{m,n})zmax{m,n}) algorithm
:0 solve both problems and give a constructive proof of strong duality.

As an example of problem (P) we consider the following problem.




AMPLE 1.1. Let T = (V,E) be a tree with vertex set V = {vl,vz, cees vn}
d edge set E. Each edge e ¢ E has a positive length £(e). The distance
v.,vj)between two vertices 2 and vj is defined to be the length of the
ique shortest path from v, to vj. Let J<{1,2, ..., n}, |J] = m and let
-(j € J) be nonnegative numbers. Define Tj ={veV !d(v,vj) < rj} (j € J).
t A= (aij) be the nxm (0,1)-matrix defined by aij = 1 if and only if
€ Tj' It was first proved by GILES [4] that A is totally-balanced. We con-
der vj as the possible location of a facility, Tj as the set of clients
at can be served by vj (clients are located at vertices) and cj as the cost
establishing a facility at vj (j € J). The set covering problem (P) is
e problem of finding facility locations which can serve all clients at
nimum cost. This problem was solved in 0(n2) time by the author [6]. In
e same paper it was shown that totally-balanced matrices also occur in the
mple plant location problem on the tree and an O(n3) algorithm to solve

is problem was given. 0

A (0,1)-matrix A = (aij) is in standard form if a,, =a;p= ajk =1
iplies that ajﬂ =1 for all i,j,k,£ with i < j and k < £. Note that if a
itrix A is in standard form its transpose A is also in standard form. In
ction 2 we show how to solve the set covering problem on a nxm matrix in
:andard form in O(nm) time. In Section 3 we give an O(nmz) algorithm to
-ansform an nxm totally-balanced matrix into a matrix in standard form. Due
y the fact that a matrix is in standard form if its transpose is in stan-
ard form, this leads to an 0((min{m,n})2max{m,n}) algorithm to solve the set
»vering problem on a totally-balanced matrix. An algorithm of the same com-

lexity for recognizing a totally-balanced matrix is also given in Section 3.
., THE SET COVERING ALGORITHM

In this section we solve the set covering problem (P), where we assume
i1at the matrix A = (aij) is in standard form. We shall construct a dual
sasible solution y and a primal feasible solution x such that if

= {i |yi > 0} and J = {jlxj = 1}, then the following holds:

n
2.1) ) y.a.. = ey for all j e J ,




for each i € I there is at most one j ¢ J such that aij = 1.

chat since x is a primal feasible solution we can replace at most one
ictly one in (2.2). It follows from (2.1) and (2.2) that the values of
rimal and dual feasible solutions are equal. Therefore both solutions
>timal.

The dual feasible solution is found by a greedy approach. The value
is determined according to increasing index and taken to be as large

ssible. This procedure is formulated in the Dual algorithm.

1lgorithm
for 1 :=1step ]l ton
i-1
do y. := min. {c. - a, .} od.
Y3 J:aij =1 i kzl Yk kjw —

.E 2,1. The matrix and costs of the example as well as the result of

1al algorithm are given in Figure 2.2.

1 1 0 O 0 O v, = 2

11 0 0 0 0;y,=0

1 1.0 0 1 0 0] yy= 0

0O 01 0 0o 1 O Y, = 2

0 01 00 1 O Vg = 0

0 0 01 0 O 1 Ve = 1

0 1 0 0 1 0 1 y; = 1

0 01 0 0 1 1 yg =

0 0 1 1.1 1]ygs=

2 3 2 1 2 3 2 cost

0 1 2 1 2 3 2! cost after subtracting Y4

o1 o1 2 1 2 cost after subtracting Y149,

o 1 0 2 1 1 cost after subtracting Y1+ ,*Ye
0 0 O 1 1 0 | cost after subtracting Y YVt

Figure 2.2. Example of the Dual algorithm.




The Primal algorithm has as input the set I = {ilyi > 0} and the matrix
and as output a subset of columns J which will define a primal optimal so-

tion. A row i is covered by column j in the matrix A = (aij) if aij = 1.

imal algorithm.

lete all columns which do not correspond to a tight constraint; J := § ;
ile there are still columns left

- add the last column to J;

lete all columns from the matrix that cover a row i € I which is also cov-

ed by the chosen last column

°

AMPLE 2.3. Apply the Primal algorithm to Example 2.1. We have I = {1,4,6,7}
e Primal algorithm starts by deleting columns 5 and 6 which do not corre-—

ond to a tight constraint; J := 0.

Iteration 1 : J := {7}; delete column 4 (columns 4 and 7 cover row
6 ¢ I) and column 2(columns 2 and 7 cover row 7 € I).

Iteration 2 : J := {7,3}

Iteration 3 : J := {7,3,1}.

e value of the primal feasible solution defined by xj = 1 if and only if

€ J is equal to the value of the dual feasible solution, namely 6. [J

With respect to the set I constructed by the Dual algorithm we call a
vlumn k a blocking column for row i if row i is covered by column k and for
1 rows j(j > i) which are covered by column k we have j ¢ I. If we let j(i)
inote the index of a constraint forvwhich the minimum is attained in (2.3)
iring iteration i of the Dual algorithm, then we note that constraint j(i)

; a tight constraint and column j(i) is a blocking column for row i.

IEOREM 2.4. The (0,1)-solution defined by xj =1 <f and only 2f j € J is a

*“mal optimal solution.

00F. It is clear that the dual feasible solution y and primal solution x

itisfy (2.1) and (2.2). So in order to show that x is a primal optimal so-
ition we have to show that it is a feasible solution, i.e., that the set

f columns J covers all rows of the matrix. We shall prove this using




aduction on the number of columns. The induction hypothesis is that all rows
o>r which there is a blocking column are covered by the set of columns con-
tructed by the Primal algorithm. Note that at the beginning of the while
tatement each row is covered by a blocking column. Let £ be the last column
nd delete all columns that cover a row i1 € I which is also covered by column
. We shall prove that for a row j which is not covered by column £ none of
he deleted columns is a blocking column for row j. Then by the induction
ypothesis this proves that J covers all rows. Suppose row j is covered by
olumn k but not by column £ and columns k and £ both cover a row i € I. If

> i, then since the matrix is in standard form this would imply that row

is covered by column £. Therefore j < i. Since i ¢ I it follows that column

is not a blocking column for row j. [
. THE STANDARD FORM TRANSFORMATION

In this section we give an O(an) algorithm which transforms an nxm
otally-balanced matrix into a matrix in standard form as well as an O(nmz)
lgorithm which recognizes an nxm totally-balanced matrix.

Let A = (aij) be an nxm totally-balanced matrix. We consider column j
j=1,2,...,m) of A as a subset of rows, namely those rows which are covered
y column j. Let us denote column j by Ej' Then Ej = {i]aij = 1}. Let the
..,E

atrix A be given by its columns E The algorithm produces a 1-1

1,E2. m*
apping ¢ : {1,2,...,n} > {1,2,...,n} corresponding to a transformation of
he rows of A(o(i) = j indicates that row i becomes row j in the transformed

atrix) and a 1-1 mapping T:{EI,E .,Em} + {1,2...,m} corresponding to a

ransformation of the columns of i(T(Ei) = j indicates that column i becomes
olumn j in the transformed matrix). We present the algorithm in an informal
ay and give an example to demonstrate it.

The algorithm consists of m iterations. In iteration i we determine
he column E for which t(E) = m-i+l (1<i<m). At the beginning of each
teration the rows are partitioned into a number of groups, say Gr""’Gl'
f i < j, then for all k ¢ Gi and £ € Gj we have o(k) < o(L), i.e., rows
elonging to Gi precede rows belonging to Gj in the transformed matrix.
ows b and ¢ occur in the same group G at the beginning of iteration i if

nd only if for all columns E we have determined so far, i.e., all columns




for which t(E) = m-i+2, we cannot distinguish between the rows b and c, i.e.,
€ E if and only if c € E. At be beginning of iteration 1 all rows occur in

le same group. Let Gr""’Gl be the partitioning into groups at the begin-

ng of iteration i (1<is<m). For each column E not yet determined we calculate

& vector dE of length r, where dE(j) = |G ﬂEl (j=1,2,...,1r). A column

r—j+1
for which dE is a lexicographically largest vector is the column determined
| iteration i with T(E) = m-i+l. After we have determined E we can distin-

. If

1ish between some elements in the same group G if 1 < | GNE |<|¢c
1is is the case we shall take rows in G\E to precede rows in GNE in the
-ansformed matrix. This can be expressed by adjusting the partitioning into
:oups in the following way. For j = r,r-1,...,1 respectively we check if the
itersection of G. and E is not empty and not equal to Gj' If this is the

1se we increase the index of all groups with index greater than j by one

j+1 = Gj NE

d Gj = G.\E. The algorithm ends after m iterations with a partitioning into

id partition the group Gj into two groups called Gj and Gj+1’ G

The permutation o is defined by o(k)< o (£) if k € Gi

1 1
E] lGJI

coups, say Gr""’G
i=1
jE] !Gj‘+19'

e
d £ e Gj,i<j. Within a group G, we assign the values ey
1 an arbitrary way to the elements in this group. The number of computations
> have to do at each iteration is O0(mn). Therefore the time complexity of

11s algorithm is O(nmz).

{AMPLE 3.1. The 9x7 (0,1);matrix A is given by its columns
{1,2,3}, E, = {1,2,3,5}, Ey = {4,5}, E, = {3,4,5,9}, Ey = {5,8,91},
{6,7,8,9}, E, = {6,7,8].

1

5

Iteration 1 : G (1,2,3,4,5,6,7,8,9).

(=N
1l

(IEi)’ choose Eé’ T(E4) = 7.

Iteration 2 : G2 = (3,4,5,9),G1 = (1,2,6,7,8).

E l E, l E, | E, ! E. ! Eg l E,
| ool enleolaenlaylo
,choose E2 , T (E2) = 6.




Iteration 3 : G, = (3,5), G3 = (4,9), G, = (1,2), G; = (6,7,8).

E | E, | Ej | E5 | E s

dEl(l,O,Z,O)‘(l,l,O,O)l(1,],0,1)!(0,1,0,3) (0,0,0,3)

h =5,
choose ES’ T(ES) 5

Iteration 4 : G7 = (5)’G6 = (3)’95 = (9),(;4 = (4),G3 = (1,2),G2 = (8),

E dp G, = (6,7)
E, | (0,1,0,0,2,0,0)
E, | (1,0,0,1,0,0,0)
Eg | (0,0,1,0,0,1,2)
E, | (0,0,0,0,0,1,2)

,choose E (E3) = 4,

3> T

rom now on the groups do not change. Therefore T(E]) = 3, T(EB) = 2, T(E7)=1.
. mapping o is given by o: (6,7,8,1,2,4,9,3,5) -~ (1,2,3,4,5,6,7,8,9). The
apping t is given by Tt: (E7,E6,E1,E3,E5,E2,E4) -~ (1,2,3,4,5,6,7). The trans-
ormed matrix is the one used in Example 2.1. [

. mapping o: {1,2,...,n} > {1,2,...,n} is a nest ordering with respect to
‘1""’Em if all columns covering the row j defined by o(j) = i can be to-
ally ordered by inclusion when restricted to the rows k of the matrix with
(k) 2i (i=1,2,...,n). In a previous paper (BROUWER & KOLEN [21 it was shown
‘hat there is a row of a totally-balanced matrix such that all columns cov-
ring this row can be totally ordered by inclusion. By inspection we can find
‘his row in O(nmz) time. Give this row number 1 and delete the row from the
latrix. Let Ai be the matrix we get from A by deleting the rows with numbers
32,...,1. Then since Ai is still totally-balanced there is a row with the
yroperty that all columns of Ai covering this row can be totally ordered by
nclusion. Give this row number i+l (i=1,2,...,n-1). In this way we find a
wmber for each row in O(nzmz)time. Clearly the mapping defined above is a
lest ordering.

We shall show that a mapping o produced by the transformation algorithm

.s a nest ordering with respect to El,...,Em . Since the algorithm takes O(an)




me this a more efficient way of finding a nest ordering as well as a con-
ructive proof of the fact that there is a row in a totally-balanced matrix
th the property that all columns covering this row can be totally ordered

- inclusion. By a lexicographical ordering of subsets E ,E,,...,E of

,2,...,n} the following is meant. With each set E we associate a vector

.cond component is the second largest element, and so on. Ei is lexico-

of length |E|. The first component of by is the largest element of E, the

-aphically smaller than or equal to Ej if bEi is lexicographically smaller

1an or equal to by . Ties, which only occur when two subsets contain the

me elements, are broken arbitrarily. Let E],E2 be two columns. We call
and E, comparable if E, < E, or E, c E,. E, and E, are incomparable if

ley are not comparable.

IMMA 3.2. Let A be a matrix such that the ordering of the rows form a nest
dering with respect to the columns, and the columms are ordered in lexico-

‘aphically increasing order. Then the matrix A is in standard form.

R00F. Suppose a.,, = ai@ = ajk =1, i<j,k<f. Since i€ Fx NE,p it follows

. . ik, .
1 1 1 1 . . i .
at Ek = EK or EZ E_Ei » where E, = Ek\{l,...,l—l} and Ez = Et\{l,...,l—l}.
ince Ek is lexicographically smaller than or equal to EK it follows that
L i =11 - =
L < EK . Hence ajk 1 implies that ajK = 1. O

MMA 3.3. Let E,E, be incomparable columns such that T(El) <T(E2), let
€E\E, and let § be the largest element with respect to ¢ in EZ\EI’ i.e.,
ere 1s no k € E2\E1 such that o(k) >0 (j) . Then o (1) < o (3) .

OOF. Consider the iteration in which E2 was determined. Let Gr""’GI be
e partitioning into groups at the beginning of this iteration. Let k be
e largest index for which Gk ﬂEl # Gk n EZ' Then j € Gk' If 1 € Gf with

< k, then o(i) < o(j). If i € G, then after E, is determined the group

k’ 2

. .. . n .
‘ is partitioned into two groups Gk n E2 and Gk\ EZ’ where rows 1in Gk\EZ
‘ecede rows in G, N E

K 9 in the transformed matrix. Since 1 € Gk\E2 and
€ Gk N E

5 we have o(i) < o(j). O

)ROLLARY 3.4. Let o and T be the mappings constructed by the algorithm for
matriz A. First recorder the rows according to o. Then T is a lexicographic

dering of the columns.




],Ez be two columns such that T(E])<‘T(E2). If E1 and E2 are

omparable, then E] g,Ez. If E] and E2 are incomparable, then it follows

rom Lemma 3.3. that the largest element in EZ\EI with respect to ¢ is greater

ROOF. Let E

han any element in EI\E

. 0O
E,

and hence bE is lexicographically smaller than

2 1

Let ¢ and T be the mapping constructed by the algorithm applied on a
otally balanced matrix A. If ¢ is a nest ordering with respect to the columns
f A, then it follows from Lemma 3.2 and Corollary 3.4 that if the matrix
. is transformed according to ¢ and T, then it is in standard form. We shall
rove that the mapping ¢ constructed by the algorithm applied on a totally-
alanced matrix is a nest ordering with respect to the columns of the matrix
sing induction on the number of rows. If the number of rows is equal to 1,
hen the statement is true. Suppose the statement is true for all matrices
ith less than n rows, and let A be a nxm totally-balanced matrix given by

ts columns E ..,Em. Let o be the mapping constructed by the algorithm and

1°°

et io be the row of A such that c(io) = 1. Define A] to be the matrix we

et from A by deleting row i, . Apply the algorithm on A, . We shall prove

0 1
n Lemma 3.5. that there exists a mapping op constructed by the algorithm

pplied on A, such that c](i) = g(i)-1 for all i # iO . By the induction hy-

1

othesis it follows that 9, is a nest ordering with respect to the columns

f A] . In order to prove that ¢ is a nest ordering with respect to the

.olumns of A we have to show that all columns covering row i, can be totally

0
rdered by inclusion. This will be proved in Theorem 3.7. After giving this

utline of the correctness proof of the algorithm let us turn to the details.

EMMA 3.5. There exists a mapping o, constructed by the algorithm applied on
9 such that al(i) = g(i)-1 for all i # iO .
'ROOF. It is sufficient to prove that at each iteration of the algorithm

pplied on A, we can choose the same column as at the corresponding iteration

f the algorlthm applied on A. Consider the partitioning into groups,

ay Gr""’GZ’Gl at the beginning of iteration i of the algorithm applied
m A and assume that in the algorithm applied on A1 we have chosen the same
:olumn in the first i-1 iterations (1 < 1 < m) as in the corresponding it-

rations of the algorithm applied on A. If [G1[> 1, then the partitioning




0

:longing to the algorithm applied on A, is given by Gr""’GZ’Gl\{iO}’ else

1

le partitioning is given by Gr""’GZ' Let E1 be the column chosen in it-

-ation i of the algorithm applied on A. In order to prove that we can also
100se E1 in iteration i of the algorithm applied an A1 it is sufficient to
sove IG] ﬂE1 1= 1 G1f1E2 | implies that I(Gl\{lo})f1E1| > l(Gl\{lo}){1E2] for

l1 columns E, which have not yet been determined. Note that if i e E1 , then

2 0

| cE,. If this was not the case, then after this iteration we would have

) € G2 which contradicts o(io) =1, If ioe E, and IG]f\Ell = IG] ﬂEZ!,

ilen G, N E, = G NE, =G, and therefore I(G]\{io}) n E]I = ’(Gl\{io}) r‘Ez"
fi, € E; and IGIIWEII > IGl nE, | +1, then '(Gl\{lo})r]El, = IG1(1E1 -1 >
e nNE, | 2 I(Gl\{lo}) N E,l.

i, ¢ E|, then 1(G\lig}nE)f= IG, NE |>] G NE, 2] (G,\{i nE, | 0

According to the previous outline of the proof we have to show that all

>lumns of A covering row i, can be totally ordered by inclusion. Suppose

0

1at there are two incomparable columns E, and E, covering row i, . Without

0
be the largest element with

1
>ss of generality assume T(E]) < T(Ez). Let 1

1
:spect to o in E]\Ez, and let i2 be the largest element with respect to o

1 E2\E1 . It follows from Lemma 3.3. that o(iz) > 0 (i]). We call
Lo,i],iz,El,Ez) a 2-chain. We generalise the definition of an 2-chain to an

-chain using the following definition. A column E, separates i from j if

1
€ El’ jé E1 and for all columns E2 with T(Ez) > T(E]) we have i € E2 if
id only if j € E2. Note that if o(i) > o(j) and i and j are not covered by
1e same columns, then there is a column E which separates i from j.

: call (io,il,iz,...,im,E],Ez,...,Em) an m-chain (m=>2) if

i, € B e j=korj=k-2 (k=,2,...,m), where i_| = i,

o(1j+l) > c(lj) (j=0,1,...,m-1) ,

T(E.

J+1) > T(Ej) (j=1,2,...,m-1) ,

Ej separates ij—2 from ij—3 (j=3,...,m),
ij is the largest row with respect to ¢ in Ej which is not contained
in Ej—l (j =1,2,...,m), where E0 = EZ'

IEOREM 3.6. An m—-chain can be extended to an m+l-chain (m=2).




11

ROOF. Since 0(1m_1) > c(1m_2) and i, and i -, are mot covered by the same

olumns (1 ¢ E) it follows that there is a column E
m-1 m m+1

and T(Em+]) > T(Em).

which separates

-1 from iy Note that by definition i, ¢ E

separates 1

m+1

from i . Since i, ¢ Em+l and T(Em+1) > T(Em) it fol-

m—-2 -3
ows that im—3 # E .1 - Repeating this argument for E _|» 3
hows that Lgseeesiy o ¢ Em+1 . If i€ Em+l’ then the rows igs--
.,E

define a square submatrix of size m+]1 23 with no iden-

..,E, respectively

.,1_ and
m
olumns E_,..
1° m+1
ical columns and all its row and column sums equal to two. This contradicts

he fact that A is totally-balanced. Hence im ¢ Em Since im ¢ E and

+1 m+1

¢ E it follows that E_and E are incomparable. Let i be the lar-
m-1 m m m m+1

+1
est row with respect to ¢ in Em+1 which is not contained in Em . It follows
rom Lemma 3.3 that 0(im+]) > o(im) . In order to prove that the m-chain ex-
ended with 14 and Em+] is an m+l-chain we have to prove that 141 ¢ Ek

or k = 1,...,m, We already saw that 11 ¢ hm. Suppose 141 € Ey for some

+1

(1< k<m-1) . Let k be the index such that i€ E, and i ¢

‘hat under the assumption made such an index exists. Since 1

Ek+] . Note
k

is the largest
K which is not contained in Ek-l and o(1m+]) > G(lk)

.t follows that im+1 e E,_, - If k=1, then this contradicts the fact that
_ ¢ E2 = E0 . If k >1, then we have 1m+1 € Ek—l\ Ek+l and 141 € Ek+l\Ek—1
thich contradicts the fact that since lk—l € Ek—] ﬂEk+] Ek—l and Ek+1 are com—
\arable with respect to all rows i with o(i) 2 o (ik—1)> 1. We conclude that

¢ Ek for all k =1,...,m. O

‘ow with respect to ¢ in E

‘m+1

'HEOREM 3.7. ALl columns covering row io can be totally ordered by inclusion.

'ROOF. If there are two incomparable columns covering row 1 then there

O,
xists an 2-chain. It follows from Theorem 3.6 that we can extend this chain
nfinitely many times. This contradicts the fact that the number of rows of

. is finite. [

This completes the correctness proof of the algorithm. The following
‘heorem shows how we can recognize an nxm totally-balanced matrix in O(nmz)

:ime using the mapping o constructed by the transformation algorithm.

"HEOREM 3.8. A (0,1)-matrixz A is totally-balanced if and only <f the mapping

1 constructed by the transformation algorithm applied on A is a nest ordering.




JOF. If A is totally-balanced, then we proved that o is a nest ordering.
A is not totally-balanced, then there is a square submatrix A1 of size
least three with no identical columns, and all its row and columns sums

1al to two. Let row il be the smallest row with respect to o of Al’ and

: Ej and Ek be the two columns of A1 covering this row. Let iz and i3 be

> other rows of A] covered by Ej and Ek

. \ . .
€ Ej\Ek and iz € Ek‘ Ej’ i.e. Ej and Ek are not comparable with respect

respectively. It follows that

all rows i with o(i) Zc(il). Hence ¢ is not a nest ordering. [J

We can find o in O(nmz) time. Checking whether o is a nest ordering
1 be done by comparing all columns covering the row j defined by o(j) =
ri=1,2,...,n respectively. Columns which have been compared because t
ver a row j with o(j) = i do not have to be compared in any other iterat
#ith k >i. So we only have to check each pair of columns at most ones. T

n be done in O(nmz) time. Hence the recognition also requires O(nmz) tim
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